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Abstract

We investigate the existence of invariant measures for self-stabilizing
diffusions. These stochastic processes represent roughly the behavior of
some Brownian particle moving in a double-well landscape and attracted
by its own law. This specific self-interaction leads to nonlinear stochastic
differential equations and permits to point out singular phenomenons like
non-uniqueness of associated stationary measures. The existence of sev-
eral invariant measures is essentially based on the non convex environment
and requires generalized Laplace’s method approximations.
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1 Introduction

The aim of this paper is to present some new and surprising results concern-
ing the existence of invariant probability measures for one-dimensional self-
stabilizing diffusions. The specificity of such diffusion is the attraction of its
paths by the own law of the stochastic process. The dynamical system solved by
self-stabilizing diffusions can be characterized by three essential elements: first
the system is governed by a double-well potential V' which represents roughly the
environment of the process, secondly some interaction potential I’ describes how
strong the attraction between the process and its own law is, and finally the sys-
tem is perturbed by some Brownian motion with small amplitude (y/eBy, t > 0).



Let us denote by u$(dx) the law of the self-stabilizing diffusion (X7, ¢ > 0), then
the so-called McKean-Vlasov SDE satisfied by (Xy) is given by:

t t
X :Xo—i-\/EBt—/ V/(Xs)ds—/ /F/(Xj—:zr)du;(x)ds, e>0. (B“%0)
0 0o Jr

Introducing the notation of the convolution product, (E“X¢) can be written as
follows:

t
X{=Xo+eB, — / (V' + F s uS) (XE) ds. (1.1)
0

Let us just note that the interaction part of the drift term is related to the diffu-
sion in some simple way: F'xu$(x) = E[F'(x — X;)]. This way of characterizing
the drift term essentially points out the structure of the attraction between the
paths of the diffusion and its law. Self-interaction corresponds obviously to
mean fields stabilization.

Such interacting particle systems have been studied from various points of
view. A survey about the general setting for interaction (under global Lipschitz
and boundedness assumptions) may be found in [11].

The aim of this paper is to consider both the existence and the uniqueness
of stationary measures for the self-stabilizing diffusion (E<*°). In [6] Her-
rmann, Imkeller and Peithmann proved the existence of some unique strong
solution to equation (1.1) generalizing previous results obtained by Benachour,
Roynette, Talay and Vallois [2] in the context of constant environment poten-
tial V' (V/(x) = 0 for all € R). We choose their work as basis for developing
our study. Nevertheless there exist several different papers dealing with the
existence problem for self-stabilizing diffusion, each of them concerning other
families of interaction functions. Let us cite McKean who studied in some
earlier work a class of Markov processes that contains the solution of the lim-
iting equation under restrictive global Lipschitz assumptions for the interac-
tion [7], Stroock and Varadhan who considered some local form of interaction
[10], Oelschliger who studied the particular case where interaction is repre-
sented by the derivative of the Dirac measure at zero [9] and finally Funaki who
addressed existence and uniqueness for the martingale problem associated with
self-stabilizing diffusions [4].

Let us now focus our attention to the stationary measures. In [2] the authors
emphasize that the invariant measure, corresponding to some given average, is
unique in this particular constant potential V' situation. This feature is essential
for further developments. The natural convergence question between the law of
the process and the invariant measure, as time elapses, can then be analyzed,
see [3]. This kind of convergence was also considered by Tamura under different
assumptions on the structure of the interaction, see [13] and [12].

The presence of some potential gradient which describes the environment of
the self-stabilizing diffusion is essential for the question of existence and unique-
ness of invariant measures. In particular, if the landscape is represented by some
symmetric double-well potential then surprising effects appear due to the lack
of convexity: we shall prove that, under suitable conditions, there exist at least



three invariant measures of which one is symmetric (Theorem 4.5) and two are
asymmetric or so-called outlying (Theorem 4.6). In the particular linear inter-
action case (F'(z) = ax with a > 0), these three measures constitute the whole
set of invariant measures (Theorem 3.2) provided that V"’ is a convex function.

The material of this paper is organized as follows: first we list several as-
sumptions concerning both the interaction function F' and the environment po-
tential V' which permit in particular to assure the existence of the self-stabilizing
diffusion (E<¥0). In Section 2 preliminary results concerning the structure of
the invariant measure (if it exists !) are developed. These results are essential
for the construction of such measures. The question of existence starts to be
addressed in Section 3 in the particular linear interaction context. After point-
ing out some symmetric and asymmetric invariant measures, we point out some
nice context for which the whole set of stationary measures can be described.
This study is finally extended to the general interaction case in the last section.
We postpone different tools concerning asymptotic analysis based on Laplace’s
method to the Appendix.

1.1 Main assumptions

In order to study invariant measures for self-stabilizing diffusions, we especially
need that (1.1) admits some unique strong solution. For this reason, we assume
that both the potential landscape V and the interaction function F' satisfy
some growth conditions and some regularity properties. Moreover we add some
technical assumptions which permit to simplify the statements.

We assume the following properties for the function V:

(V-1) Regularity: V € C*(R,R). C> denotes
the Banach space of infinitely bounded con-
tinuously differentiable function.

(V-2) Symmetry: V is an even function.

(V-3) V isadouble-well potential. The equation
V'(z) = 0 admits exactly three solutions :
a, —a and 0 with ¢ > 0; V’(a) > 0 and
V"”(0) < 0. The bottoms of the wells are
reached for x = a and z = —a.

Figure 1: Potential V'

(V-4) There exist two constants Cy, Cy > 0 such
that Vo € R, V(z) > Cya* — Cy2%

(V-5) liril V' (x) = +o0 and Vz > a, V" (z) > 0.

(V-6) The growth of the potential V' is at most polynomial: there exist ¢ € N*
and Cy > 0 such that |[V'(z)| < Cy (1 + 2%9).

(V-7) Initialization: V(0) = 0.



Typically, V is a double-well polynomial function. But our results is applied to
the regular double-well functions with polynomial growth as |z| becomes large.
We introduce the parameter 9 which plays some important role in the following:

¥ =sup —V" (). (1.2)
z€R

Let us note that the simplest example (most famous in the literature) is V(z) =
%4 — %2 which bottoms are localized in —1 and 1 and with parameter ¢ = 1.

Let us now present the assumptions concerning the attraction function F.

(F-1) F is an even polynomial function. Indeed we consider some classical
situation: the attraction between two points x and y only depends on the
distance F(z —y) = F(y — z).

(F-2) F is a convex function.

(F-3) F’ is a convex function on R4 therefore for any > 0 and y > 0 such
that = >y we get F'(x) — F'(y) > F"(0)(x — y).

(F-4) The polynomial growth of the attraction function F is related to the
growth condition (V-6): |F'(z) — F'(y)| < Cylz —y|(1+ |z[2472 + |y|?172).

Let us define the parameter @ > 0 which shall play an essential role in the
following:
F'(z) = ax + Fj(x) with o = F"(0) > 0. (1.3)

In [6], Herrmann, Imkeller and Peithmann present sufficient conditions for the

SDE (1.1) to admit a unique strong solution. In particular, if E[Xosq2] < 00,
with ¢ defined in (V-6), and if all the main assumptions just defined are satisfied,
the existence and uniqueness of the solutions are proved. In the following we
will always assume that the (8¢?)-th moment of the initial value Xy is finite.
This permits to study further the self-stabilizing diffusions and exhibit invariant
measures. Also, we will use the same notation for the measures absolutely
continuous with respect to the Lebesgue measure and their density.

2 General structure of the invariant measures

This section deals with different preliminary results describing the main struc-
ture of the invariant measures of (E€*X°). First of all, there is some classical
link between the stochastic differential equation and the associated parabolic
partial differential equation which permits to characterize stationary measures.

Lemma 2.1. We recall that fR x8q2u8(d:c) < 00. Let duj denote the probability
measure of (Xf5; t > 0). Then, for all t > 0, du§ admits a C*-continuous

density u§ with respect to the Lebesque measure. Moreover, uc is solution of the
following PDE:

%ui(m) = éaa—;ui(x) + (% [ui(m) (V’(w) + (F" *u®) (¢, :C))} (2.1)



forallt >0, x € R and duf(z) =P (X € dx).

Proof. In [8] (Step 3), McKean proves, using Weyl’s Lemma that the unique
strong solution of (1.1) admits a regular density fonction solution to the PDE
(2.1) provided that the drift term of the SDE is a C*°-continuous function. In
fact @ — F’ % u$(x) is a polynomial function consequently it is regular. O

Let us note that Tamura (Theorem 2.1 in [12]) extended the initial result
of McKean to unbounded drift terms. This extension was essential to prove
the existence of self-stabilizing processes but was not necessary in the study of
the density regularity. Since the existence of some unique solution of (1.1) was
already presented in [6], we do not really need the extension of Tamura.

The density of (X, t > 0) with respect to the Lebesgue measure is solution
to the parabolic PDE (2.1) (non-linear Kolmogorov equation): this implies in
particular that any stationary measure whose (8¢2)-moment is finite (if such a
measure exists !) satisfies an elliptic differential equation. This link between
non-linear differential equations and self-stabilizing diffusions permits to express
the invariant measure in some exponential form.

Lemma 2.2. If there exists an invariant measure u. to (E<X°) whose (8¢2)-
moment is finite, then:

u(z) = ﬁexp [-% (/Om F' s u(y)dy + V@))] (2.2)

where A(uc) denotes the normalization factor: [, uc(x)de = 1. Conversly any
measure whose density satisfies (2.2) is invariant for (E<X) and admits a 8¢
finite moment.

Proof. 1. First we shall prove that any measure u. satisfying (2.2) is an invariant
measure for (1.1). Let Xy be some random variable with distribution u.. We
consider the diffusion (Y7, solution of the SDE:

t
Y = Xo—l—\/EBt—/ W/ (Y)ds (2.3)
0

where We(z) = V(x) + F * uc(x) — F % uc(0). Since (Yy),~, is a Kolmogorov

diffusion process, it admits a unique stationary measure of probability v. given
2w (e

by ve(x) = fefgi:‘i((;d = uc(z). Consequently the law of Y} corresponds with
e e ely y

u, for all ¢ > 0. Moreover (2.3) becomes (1.1). Hence, u. is an invariant measure

for (1.1).

Finally the hypotheses (V-4) and (F-3) imply that there exists R, > 0 such that

V(x) + F xuc(z) — F % u(0) > 22 for all x > R.. Therefore the (8¢*)-moment

of u, is finite.

2. Let us prove now that any invariant measure satisfies to some exponential



implicit structure. By (2.1), any stationary measure u. whose (8¢)-moment is
finite satisfies

€

§ug(x) + (ue(x) (V'(x) + F' % uc(x)) )/ =0, forallzcR. (2.4)

By integrating (2.4), we obtain the existence of some constant C. € R such that

gu;(;p) Fuc(@)(V/ () + F s uc(z)) = C., forall z€R.

Using the method of variation of parameters, u. takes the following form

wlo) = Ao |2 ([T utin+ V)|

€
. / 2 2 * /
with Al(x) = =Cecexp |- Fixue(y)dy +V(x) || -
€ € 0
Hence

wiw) = Ao 2 ([ P+ v )]

X exp [—% ( ; F *ue(y)dy—i—V(x))] :

Let us assume that C. # 0. Applying Lemma A.1 to the function U(z) =
fom F' xuc(y)dy + V(x), whose second derivative is positive for |z| large enough
(using hypotheses (V-5) and (F-2)), permits to exhibit the equivalent of A.(z):

exp [2 (Jy F' * ue(y)dy + V()]

2
Ac(z) =~ 206 : as x — +oc.
%(V’(:v) + F' x ue(x))

€

Hence uc(x) ~ W We can note that V' ()4 F’xu(z) is positive in a
neighborhood of +00 and negative for —oo. Since u. is a probability distribution
and consequently needs to be nonnegative, we get C. = 0 and obtain (2.2) after

normalization. O

Lemma 2.2 presents the essential structure of any invariant measure. The
global exponential form will play a crucial role in next sections: to prove the
existence of some stationary measure, it is necessary and sufficient to solve
equation (2.2).

3 The linear interaction case

First we shall analyze the existence problem for stationary measures in the
simple linear case. In this case F'(x) = ax with a > 0, the interaction gradient



—a

function is quadratic: F'(z) = § 22 and the stochastic differential equation takes
an interesting simple form. The non-linearity of the drift term is limited to the
average of the density u§(z):

t t
Xf:X0+\/EBt—/ v’(x;)ds_a/ (X;-/xdu;(x))ds, e>0.
0 0 R

The study of this particular case emphasizes the existence of several invariant
measures. The interesting problem is then to determine in which situations the
number of such measures is perfectly known.

3.1 Existence of invariant measures

The existence question is really simplified in the linear interaction case, it is
just reduced in fine to the following parametrization problem. Let us denote
the first moment of an invariant measure u. by

my(e) = /}qué(x)d:c, (3.1)
then (2.2) becomes

exp [—% (V(:v) + a§ - aml(e)x)}

Jzexp [—% (V(y) + oz% - aml(e)y)} dy.

(3.2)

ue(x) =

Consequently: wu. is an invariant measure if and only if (3.1) and (3.2) are
satisfied. It suffices then to point out the convenient parameters mq(e) since
there is a one to one correspondence between these parameters and the invariant
measures. In other words, we shall find the solution of the equation

J wexp [—% (V(x) + a% - ozm:z:)] dz
Jpexp [-2 (V(z) + a% — ama)] dx

m=P.(m) with ¥ (m)= (3.3)

0

¢ 1s invariant

Obviously, m{(e) = 0 is a candidate. The corresponding measure u
and symmetric:

WO (@) = exp {_g (V(x) +a%2>} (/Rexp {_g (V(y) +ay;ﬂ dy)l.

In fact u? is the unique symmetric stationary measure. Indeed, on one hand the
average of such measure vanishes and on the other hand any invariant measure
satisfies (2.2); finally we obtain the previous expression for u?.

Of course the natural question concerns the existence of other real solutions
mi(€) of (3.2). In fact the basic dynamical system associated to self-stabilizing
diffusions is symmetric since F' and V are assumed to be even functions. The
consequence is immediate: if the initial law of the diffusion (X7, ¢ > 0) is



symmetric so will be the law of Xy for all ¢ > 0. In [2], the authors consider
self-stabilizing diffusions without the environment potential V. They proved the
existence of some unique symmetric invariant measure and describe the behavior
of the diffusion: for any initial law satisfying the moment condition of order 8¢>
the law of X; — E[X(] converges to the invariant symmetric law as time elapses.
Adding some double-well potential V' in the main structure of the stochastic
differential equation drastically changes the situation. In particular we prove
the existence of several invariant measures, one of them being symmetric.

Proposition 3.1. Let a be the unique positive real which minimizes V. (see (V-
3)). For all 6 €]0, 1], there exists g > 0 such that for all € < €q, the equation
(3.3) admits a solution satisfying the estimates:
V& (a) 0 [V (a)]
my(e) —a+ €| < €
4V (a) (a4 V" (a)) 4V"(a) (a4 V" (a))

Moreover —mq (€) satisfies (3.3) too.

(3.4)

Let us note that, for € small enough, the preceding proposition implies the
existence of at least three invariant measures corresponding to the averages: 0,
m1(e) and —myq (e).

Proof. Set 7 > 0. Let’s proceed to the first order asymptotic development of
the expression ¥ (a — Te).

U (a—T1e) =

]

Jp we 27" exp [—% (V(x) + az—; - aax)
Jpe 2T exp -2 (V(z)+ ol — aaz)| dz '

By Lemma A.3 applied to the context: f(x) = —2arxz, n =1, U(z) = V(x) +

Sa? — aax and = 0, we get:
U (a—Te) = a-— m [aV(B) (a) 4+ daaT (a + V”(a))] e+ o(e)
= 0Tt e [T Ty ) o
Set 79 = —4‘/,,(;;((24(_“&,,((1)). Then a — 7% is the first order approximation of the

fixed point. Indeed for § €]0;1[ we can define

V// (a>

dy = Ve (a =701+ 0)e) = (a =T (1 £ 0)e) = £0—my

7% 4 o(e).

For € small enough, d; > 0 and d_ < 0. Since the function ¥, is C’ continuous,
there exists mi(e) € [a —7°(1+6)e; a—7°(1 — §)e] which satisfies . (mq(e)) =
m1(e). Finally, by the change of variable z := —z in the integral expression
(3.3), we obtain W.(—m(e)) = =V (my(€)) = —m(e). O



3.2 Description of the set of invariant measures

According to Proposition 3.1, we know there are at least three invariants mea-
sures. One of them is symmetric corresponding to the average 0 and two others
will be called outlying measures, one wrapped around a and the other one around
—a. The aim of this section is to study if there are exactly three invariants mea-
sures or more.

For this purpose, we study the asymptotic behavior of the function ¥, defined
by (3.3) in the small noise limit.

Theorem 3.2. If V" is a convex function then, in the small noise limit, there
exist exactly three stationary measures.

Proof. Let m > 0. Let us recall that the interaction function is linear: F’(x) =
ax with a > 0. In order to study the invariant measures, we have to consider
the fixed points of the application ¥ (m) defined by (3.3). We introduce the
following potential function:

WM@:V@+%ﬁ—mm

Since V’(0) = 0, we have W/,(0) < 0. Moreover lim, 4o W), (z) = +o0.
So we denote by x,, the positive real for which the potential W,, admits its
global minimum. It is uniquely determined since V" (and so W}’) is a convex
function. Let us prove by using reductio ad absurdum that the global minimum

is uniquely determined: we assume the existence of two positive reals :an) < xg)

such that W,, reaches its minimum on R for z = a:( ) and ©x = xg). Hence
w! (x a )) =W/ (x s,%)) =0 and W/ (x (1)) > 0. Since W/ is non-decreasing, we
deduce that W) (x) = 0 for all x € [:vsrll),:vss)]. The convexity of W/ implies
that W, is a non-decreasing function. Moreover W (0) = V®3)(0) = 0 which
leads to ang)(x) = 0 and so W/ (x) = 0 for all x € [O;x%)]. The following
contradiction holds : W/ (0) = —am # 0 = W,’n(xg)) Consequently, ,, is
unique.

Moreover, x,, satisfies

V'(zm)+a(zym, —m)=0 and  V"(x,)+a>0. (3.5)

Indeed, since z;, is a global minimum, the equality V" (x,,) + « = 0 implies
that V) (z,,) = 0 that is 2,, = 0 which contradicts the assumption concerning
the positivity of z,,.
We define

Xe(m) =¥ (m)—m and xo(m)=x, —m.

We obtain the expression:

fR(I — Ty) €XP [—% ( (x )—!— = —ozm:z:)} dx

Jaexp [-2 (V(z) + 22 — ama)] dz

Xe(m) = zm —m + (3.6)



It suffices to prove that x. has just one zero in R,
Step 1: For all e > 0 and m > 0, we observe that x.(m) < xo(m) =, —m.
We apply the change of variable x := y + x,,, to the integrals in (3.6) and obtain
Jryexp [—% (V(y + ) + 2+ 0 (2 — m) y)} dy
Jg exp [—% (V(y + o) + O‘TyQ + a(zm —m) y)} dy
Jo yexp [~ 2y°] Qem(y)dy

exp =2 (V(y +zm) + % + a (2 —m)y) | dy

R € 2

Xe(m) = xo(m) +

= xo(m)+

)

with
Qem(y) = exp [—% (V(y + ) + a(x, —m) y)]

2
— exp {—— (V(y — Zm) — @ (T, — M) y)} .
€
We introduce the function

An(y) =V(y+am) = V(Y —2m) + 20 (2 —m)y

Since V' is an even function, A,,(0) = 0 and A/ (0) = 0. According to the
definition of z,,, A’ (0) = 0. V" is a convex function therefore V) is increasing.
So A (1) = VO (y+am) — VO (y —x,) >0 for all y. We deduce that A7, is
increasing. Hence A]), is nonnegative on R¥ so does A, (y) for y > 0. Finally we
get Qe (y) <0 for all y > 0. We obtain the announced result: x.(m) < xo(m)
for m > 0.

Step 2. xo has a unique zero on R

Let us compute xo(a) with a defined in (V-3). We know that a is solution of
V'(z) + a(x —a) =0 with V"(z) + a > 0. Hence xo(a) = 0.

Let us focus our attention on the variations of the function xo on the interval
10, 4+00[. Since V'(z,) + axy = am, and o + V" (z,,) > 0 we deduce that
m — I, is derivable, we obtain

and

d «

B V”(xm)
Im = V" (xpm)

v 60

am >0 which implies xg(m) =
The denominator is positive due to the definition of x,,. According to (V - 5),
V' (z) > 0 for all > a. Hence x,(m) < 0 for all m > a. Since xo(a) = 0 we
deduce that, for all m > a, xo(m) is negative and therefore the function yo has
no zero on Ja; +o00|.

It remains to study xo on the interval |0, a]. Since V" is a convex function, we

10



deduce that the derivative of g is non positive for x,, > ¢ with ¢ > 0 satisfying
V" (c) = 0. We know that ¢ > 0 is unique since V(0) < 0 and V" is a convex
function. Moreover ¢ < a. Since the function m — x,, is increasing for m > 0,
we deduce that x is negative for m €] max(0,m.),a] where m. is such that ¢

is the solution of (3.5). By computation, m. = ¢+ @
We observe then two different cases:
e Ifm,.<0ie a< |V—C(c)|: Xo is decreasing on R’ with xo(a) = 0. The

. o
unique zero of xo on R} is a.

e If m. > 0 then xo, which is a continuous function on R? , is increasing on
10, m.[ and decreasing on |m., +oo[ with xo(a) = 0. It suffices to prove
that lim,, o+ xo(m) > 0 in order to conclude that a is the unique zero
of xo on R. Due to the definition of x,, we get: lim,, o4 xo(m) =
lim;;, 04 Zm > 0. Indeed m — 2, is increasing on |0; m.[ and z,,, > 0 for
all m €]0; m.[ so the extension to m = 0 is non negative.

In these two cases, there is a unique zero of xo on RY.

Step 3. The family of functions (xc)e (respectively (x.)e) converges uniformly
towards xo (resp. xg) on each compact subset of R’ .

First we prove the convergence of ¥ (m) for m > 0. Recall that

Jp xexp [—% (V(:z:) + aT:ﬁ - ozm:z:)} dx

U.(m) = 5 .
(m) Jrexp [-2 (V(z) + %= — ama)| dx

By Lemma A.3 with U(x) = V(x)+ O‘Tﬁ, n =1, p = mand G = —ax we obtain
the announced convergence result:
VO (x
Xe(m) = xo(m) = ¥e(m) — 2, = ——( m) 5€+o(e).
4(a+V"(xm))
Moreover this convergence is uniform with respect to the variable m on compact
subsets of R, .
We estimate now the asymptotics of y.(m) as e becomes small. Taking the
derivative of ¥, we obtain

2a Jp 2% exp [~ 2Wp,(z)] do B (foexp [—2W,,(2)] d:c>2
€ Jpexp [-2Wy,(z)] do Jpexp [-2W,(2)] da

We recognize the variance of the measure ué"” which is the measure associated

to the average m by (3.2). Hence

XL (m) = 2—aVar(ugm)) —1. (3.8)
€

Applying again Lemma A.3 with U = V(z) + O‘T””z, G=—-axr,u=mandn=2,
we obtain
Jer?exp [-2Wh(z)]dz 5,  (2VO(2n) — (a+ V" (zm)))

oo [F2Wa@]de 2 (a0 + V" (2m))? o

11



Applying the same lemma with n = 1 permits to compute the first moment:

Jg wexp [—2W,,(z)] dz . 2V (2,,) e+ o(c)
oo 2 Wn@] de " G fa t Vil O

By (3.8) and the computations of the two first moments, we get

Xi(m) = V)

a+ V" (xy,)
Furthermore this convergence is uniform with respect to the variable m on com-
pact subsets of R .
Step 4. For any 6 > 0 small enough, there exists ¢g > 0 such that x. has a
unique zero on [d, 00| for all e < €.
Since there is no zero of y. on the interval |a, +oo[ (Step 1 and 2), we focus
our attention on the interval ]0,a]. On each compact subset of this interval, y.
converges uniformly towards the limit function yo (Step 3). Hence the zeros
of xe are in a small neighborhood of the unique zero of x¢ namely a (Step 2).
Let us study the derivative of y. in a neighborhood of a. Since Y. converges
uniformly towards x{ (Step 3) and x{(m) < 0 in a neighborhood of a (Step 2),
we obtain that x.(m) < 0 in a neighborhood of a for € small enough. Finally
we proved that, as soon as € is small enough, the function y. cannot admit two
zeros or more on R .
Step 5. There exists § > 0 and ey > 0 such that x. doesn’t vanish on |0, 4] for
all € < €.
In this last step, we have to distinguish three different cases depending on the
values ¥ (= =V"(0) since V" is convex) and « defined by (1.2) and (1.3).
Step 5.1. We assume a < 9. In this particular case Wy(z) = V(x) + ax?/2
reaches a unique global minimum on R for x = ¢ > 0.
Let us fix some small § > 0 (depending on xy: we shall precise it in the follow-
ing). We prove that, for € small enough, x.(m) = ¥.(m) —m > 0 on |0,4]. By
the definition of ¥, see (3.3), it suffices to prove that N.(m) > 0 for m €0, ¢]
where

Nc(m) = /Rxexp [— %Wm(:ﬂ)}dx - m/Rexp [— %Wm(x)} dx. (3.10)

+0o(1) = x4(m) + o(1). (3.9)

Obviously N.(0) = 0. Let us prove that N, is non decreasing. Taking the
derivative, we get
2 2
N!(m) = _a/ (x2 —mz — i) exp [— - Wm(x)} dx.
R 20 €

€

This expression is in fact non negative. Indeed, using the symmetry property
of Wy(z) and the upper bound m < §, we obtain

N/(m) = 2a h {(:v2 — QL) cosh (2amx) — ma sinh (2amx) } e~ Wol@) gy

o € €

€ Jo
g/ P§($)62a:m e ™oy with Ps(z) = 2* — 0z — <
€ Jo

«

Y
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We split the preceding integral into two parts: the first integral Iy concerns the
support [0,26] and the second integral Iss the complementary support [24, ool.
We get N/(m) > 2 (Ip + I2s5).

Since the roots of the polynomial function Ps satisfy

xi:%(zsi./au%) < 26,

the polynomial is positive on the interval [2d, co[ and can be lower bounded by
P5(26) = 262 — ¢/a. Lemma A.3 implies the existence of some constant C' > 0
leading to the following estimate as € — 0:

xo+1

Ips > (26% — e/a)/ e EWo@) gy > 052\ /e e 2(V(zo)tax/2) (3.11)
26

provided that o > 20 (it suffices then to chose § small enough).
Let us finally focus our attention to the lower bound of the integral term Ij.
Since the minimum value of Ps is —(6%/4 + ¢/a) and since W"”(0) < 0, we have

K 2 ame K
Io> —(— + 3) / 2 =2 Wol@) gy > —25(— ¥ f)e— L (3.12)
4  al )y 4 «

For 6 > 0 small enough, V(26) > V(z¢) + ax3/2 (since the minimum of V (z) +
ax? /2 is only reached for z = ). Consequently the negative lower bound of I
(3.12) is negligible with respect to the positive lower bound of 55 as € becomes
small. We deduce that there exists €y such that N/(m) > 0 for all m € [0, ]
and e < €g. Since N(0) = 0 we conclude that N¢(m) > 0 on |0, 4] and so is x..
Step 5.2. We assume « > ¢. In this case Wy(z) admits a unique minimum
reached for x = 0 and z,, converges continuously to 0 as m — 0. Using similar
arguments as those presented in Step 3, we claim that y. (resp. x.) converges
towards xo (resp. x(,) uniformly on [0,a] as € — 0. Due to the regularity of xo

and by the inequality x((0) = —O::;i(,,%) > 0 we obtain the existence of § > 0
and €y > 0 such that x.(m) > 0 for m € [0,d] and € < €y. X, starts in 0 and is
increasing on [0, §] which implies the announced result.

Step 5.3. We assume that a = . It suffices then to note that x. depends
continuously on the parameter a. The following results can be directly deduced
from the preceding case (Step 5.2) by continuity: x.(0) > 0 and x.(m) > 0 for
m € [0,6] and € < €. In fact x. vanishes for 2 = 0 and is increasing on [0, ¢].
The inequality x.(m) > 0 for all m €]0, ] and e < ¢j is an obvious consequence.
Conclusion: Step 4 and 5 lead to the existence of ¢y > 0 such that for all € < €,
Xe has exactly three zeros: 0 and two other reals, one in the neighborhood of a,
the other one near —a. To each of these averages corresponds a unique invariant
measure obtained by (3.2). O

Example: In Theorem 3.2, for all a > 0, as soon as € is small enough, there
exist exactly three invariant measures. There is a one to one correspondence
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between these measures and their average through (3.2). It suffices to determine
the averages which are in fact solutions to the equation

x&(m) =¥ (m) —m =0.

These solutions are really close to the solutions of x§(m) = %, — m = 0 in the
small noise limit. We recall that z¢, is the global minimum of

Wo(x) =V (x)+ %:172 —amx on RY.

zt z?

Let us observe these averages in the particular case: V(z) = 4 — % and
F(x) = %xz. In this case, we compute the parameter ¢ > 0 which vanishes V"
and the corresponding parameter m, = ¢ + @ We obtain:
3a—2
c=— and m.= (3.13)

V3 3v3a

We shall for this example present graphs of the functions x§ (dotted line) and
x? for different values of a. We choose € = 1/4. Even if it seems to be not very
small, this value suffices in this example to observe three invariant measures for
each interaction parameter value considered.

First of all we have to determine the value of x&, which is solution of the
system (E*™):

X34+ (a-—1)X —am=0 and 3X%+(a—1)>0.

Its discriminant is equal to

We distinguish different cases:

e a = 0: the solution is evident, we get 2% = 1 and x{(m) = 1 — m for
m > 0 and by symmetry x}(m) = —1 —m for all m < 0. Moreover
0/ —
xo(0) = 0.

e a > 1 (Figure 2): for all m € R, we get A,(m) > 0. Hence

Xo (m) = \/?Jr Ao (m) + § %—\/Aa(m)—m.

The function x§ is C*°-continuous and odd. We observe also that x§(0) =
x§(1) = 0 and x§'(m.) = 0 with m, defined by (3.13). Hence x§ is
increasing on ]0, m.[ and decreasing on |m., col.

e o = 1 (Figure 3) then x§(m) = m3 — m. The limit function is odd,
continuous on R and C* on R*. Moreover the path is increasing for
m €]0, m.[, decreasing for m €]me, oo with m, = ﬁ
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° % < a < 1 (Figure 4): the discriminant can be negative. Therefore let us
define mg(«) such that A,(mo(a)) = 0. Then for all m between 0 and
mo(«), the discriminant is negative and for all m larger than mg(«) it is

positive. We get mo(a) = 2(1 — ) /(3av/3). We obtain the following
function: x§(0) =0 and

Www{wﬁwmeekmwmmummwm
0 P (m)  Ym €] — o003 —mo(a)] Umo(a); +oof

(@) (m) = 2 1—a oS 1 arccos | 22 )| - m
1 - 3 3 2 \| 1—a)?

o ,[am ,[am
AV = /Bl + 3 — /Bl - m

Let us note that x§(017) =1 —a # 0 and x§(07) = —v/1 —a # 0. The
function is C*°-continuous on ]0;mg(a)[U]mo(c); +oo[ and continuous in
mo().

Moreover the function is increasing on the interval ]0, m.[ and decreasing
for m > m.. The maximum is therefore reached for m = m.. We observe
that m. < m§ for a € [2/3,3/4] and m. > m§ for « € [3/4,1]. We remark
also that the increasing part is smaller and the decreasing part is longer
for smaller values of «. )

Furthermore, the part where x, is equal to ¢} ’ is longer.

e a < % (Figure 5): the function x§ is defined in the same way as in the
preceding case. The important difference is that the function is decreasing
on RY since m, defined by (3.13) is non positive.

alpha=1

0.1:

02 o, o o

-1 05 0 05 1 B -1 05 0 05 1
m m

«

Figure 2: x§ (dotted line) and x Figure 3: x§ (dotted line) and x¢
fora > 1 fora=1
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alpha=0.75 alpha=0.4

08
04 o, . 06 “o%%%%
o .
02 0,
"%u% 02 %Q\“"%.,%u
o, N o,
T,
= 02 u%""%%
0.2 %%% %B"“n‘,
e, 04 o,
o, o,
04 %-\,%%%% o6 %“"\\,q‘k%%%%
T s [ 05 T R 05 [ B3 1
Figure 4: 2/3 < a <1 Figure 5: a < 2/3

4 The general interaction case

We assumed for this study that the self-attraction phenomenon is represented
by a polynomial function F”, see (F-1). In previous section, we analyzed the
particular linear situation: F’(x) = ax and proved under suitable conditions
that there exist exactly three invariant measures in the small noise limit. In this
section we shall focus our attention to the general case: the polynomial function
F' is of degree n > 2. First we shall present results, concerning symmetric
invariant measures, derived from the application of a fixed point theorem to some
suitable function space. Secondly, we deal with the uniqueness of stationary
symmetric measures in particular situations using similar methods as thoses
developed in Proposition 3.1. Thirdly, we discuss the existence of asymmetric
measures based on the application of a fixed point theorem to some finite-
dimensional space.

4.1 Symmetric invariant measures

In the linear case we proved the existence of a unique symmetric invariant
measure. The result is obvious since it suffices to solve the equation (3.3) with
mi(e) = 0. In the general case in order to find the symmetric measure we have
to solve some equation like (3.2) but depending on much more parameters than
just the mean mq(e). The total number of parameters depends in fact on the
degree of F'. Instead of trying to solve such a system, we choose some other kind
of proof based on a fixed point theorem which permits to prove the existence
of symmetric invariant measures in even more general cases: the interaction
function does not need to be polynomial. In [2], Benachour, Roynette, Talay
and Vallois introduced this method of proof for a self-stabilizing diffusion in
the constant environment case (V'(z) = 0). This proof can be adapted to our
situation and is based on the following Schauder’s theorem (see for instance [5]
Corollary 11.2 p. 280):

Proposition 4.1. Let B a Banach space, C a closed convexr subset and A a
continuous application C — C such that A(C) is compact. Then A admits a
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fized point in C.
In order to use this proposition we introduce some definitions and notations:
1. Let us choose p > 4¢q where ¢ is defined in (V-6).

2.B={f:R— R; sup,cp (1 +|z|?)|f(z)] < co}. B is equipped with the
norm | - |oo Where |floo = supgep (1 + |2[7) | f(2)].

3. For all M > 0 we define the function space Cj; as the subset of all non
negative and even function belonging to B which satisfy:

/f(x)dx =1 and sup(1+ |z?) f(x) < M.
R z€R

4. For any function f € Cjp; we define the operator:

§((g) — exp [—2 (V(z) + [y (F' = f) (y)dy)]
AN = LIV F hway] Y

= e |2 (Ve [ Eenwa)|.

where A (f) is the normalization factor.

5. For any function u € Cyy, we define the moments vi(u) = [ |#|"u(x
with 0 < k <p-—2.

Let us just point out that C,; is a closed and convex subset of B. The aim
of this section will consist in proving that the application A€ is C°(Cyy, Cpy)-
continuous and that A¢(Cys) is compact since M is large enough. Therefore
Schauder’s theorem implies the existence of a fixed point and as the matter of
fact the existence of an invariant measure in the function space C;.

Lemma 4.2. There exists two constants C1 and Cs both independent of M such
that for all u € Cyr, we have: yi(u) < MCy and for all z € R:

%ﬁ < / (F %) (y)dy < CoMa®(1 + 229). (4.2)
0

Proof. 1. Since u € Cyy, we have sup,cp (14 |2|P) u(z) < M for all k < p —2.
Therefore

¥ /
u) = 1+ |z|P)u <M x < M(C.
k() /Rl—|—|x|1”( ] |a:|P !

2. Let # > 0. Since u € Cyps, u is an even function. By (1.3) we have
F'(z) = ax + Fj(z) and (F-3) implies that I’ and F{ are non negative odd
functions, therefore Fjj x u is also odd and non negative. Using the inequality

17



developed in the statement of Lemma 4.3 in [2] and the assumption (F-3), we
have

1
Fi(x) < E(Fé(:c—y)—i-Fé(:v—i-y)) fory e R, z > 0.

Therefore, for z > 0:
/0 C(Fp e )y = / ) / T By — 2) + Fy(y + 2)) u(z)dzdy

/ / 2F! (y)u(z)dzdy > 0 (4.3)

From the preceding inequality we deduce

Y

/ (F' *u) (y)dy = / (F§*u) (y)dy + %x2 > (;:102 for all z > 0.
0 0

Since foz(F' *u)(y)dy is an even function, we get the inequality for all € R.
3. Due to the symmetry of F’ x u we restrict our study to z > 0.

/Oz (F' xu) (y)dy = % /Ox /000 (F’(y —2)+ F'(y+ z))u(z)dzdy

According to the assumptions (F-1) and (F-4), F' is an even polynomial function
of degree smaller than 2¢ with ¢ > 1. We can therefore write F as follows

q—1
"(z) = g apxF L,
k=0

Therefore defining F(y, z) = F'(y — z) + F'(y + z) we get

-1 k

2J+l 25 . 2k—2j
F(y 2) ap Y Coltiy™ 222
0 7=0

)

E
Il

k
s e Joue[2%¢ 0 Zy%zzk <Oy (T+99) (142%9).

Finally since p > 4¢, there exists some constant C’ > 0 such that:

[ Fwanea: < ey [ e
0 0

Cy (1+y*) /000 11—5_2225 ((1 + z”)u(z))dz

C'yM (1+y*7).

A

IN

IN

x

By integration we obtain / (F'su)(y)dy < CoMa*(1+2°?) forallz € R, O
0
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Lemma 4.3. There exists My > 0 such that for any M > My, A°(Cpr) C Cypy.
Moreover, there exists a constant C'(€) such that

L C(eWM (4.4)

for all u e Cyy.

Proof. By construction Au is a non negative even function which satisfies
Jg A“u(x)dx = 1. Tt suffices then to prove that:

sup (1 + |z|”) A®u(z) < M.
T€R

By (4.1) and according to Lemma 4.2 we obtain some lower bound for the

normalization factor:
—+oo 2 x ,
exp | =~ V(z)+ [ (F'xu)(y)dy || dz
—00 0

> /+0° exp {—% (V(x) + CoMz? (1 + xzq))] dx.

— 00

Ae(u)

According to both (V-3) and (V-7), we know that V(z) < 0 for all z € [—a;al.
Hence
+a 2
Ac(u) > / exp [——Cng2(1 + azq)] dx.
“a €
By the change of variable x := \/LM and Lemma A.1, the following development
holds

ta 2 I e 2

/ exp {—202]\/[&62(1 + GQQ)] dx = T /m exp |:_ECQCE2(1 + azq)} dx

—a 0
1

VM

where C(e) is independent of M and o(1) — 0 as M — oo. As soon as M is

large enough, we have therefore %(u) < % where C'(€) is a positive constant

{C(e) +o(1)}

determined by parameters of the global system and e. By (4.1) and the preceding
upper bound, we prove that

(14 |zP)A%(x) < %(1 + |x|p)e_%V(w) < O/(e)\/ﬂ,

where C’(€) is a positive constant similar to C(e). In order to conclude, it is
sufficient to choose M > C’(€)?: we get immediately A¢u € Cyy. O

Lemma 4.4. A€ is a continuous operator on Cp; with respect to the uniform
norm.
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Proof. We shall find some upper bound for the following expression |Afu — Av|.
Step 1. Let u,v € Cys. We define:

A =e 2@ fop |2 [ @] —ew |2 [ 0w |

€

_ 2V@—ea? {exp [-%/Oz(p(;*u)(y)dy} — exp {-%/()E(Fg*v)(y)dy”.

It is well known that [e=® — e°| < |a — b for a,b > 0. In order to apply this
inequality we have to prove that [ (F}  v)(y)dy and [ (F§ * u)(y)dy are non
negative. For each function f € Cj; the convolution term fom (Ey = f) (y)dy is
non negative due to (4.3). Hence

€ 2 —2y(z)—22? s e
M) < Ze BV 2 g, (45)

with A§ defined by

/OI(Fé *u)(y)dy — /OI(F(S * U)(y)dy‘ _

/Om /Rp(;(y ) (u(z) - U(z))dzdy‘ ,

Since u and v are elements of Cj;, they are even functions and the integral with
respect to the variable z becomes

€ _
6=

/Oz /Ooo (Fo(z+y) — Fy(z — y)) (u(z) — v(z)) dzdy’
< /0 /Ooo \Fy(z+y) — Fi(z — )| [u(z) — v(2)| dzdy. (4.6)

The assumption (F-4) gives information about the increments of the interaction
function: there exist two positive constants C; and C such that

|Fo(z+y) — Fo(z—y)| < 2ylCy (1412 +y[* 72+ |z —y[??)
< 2y|Cy (142207122972 4 220 Hy2a2)
< Clyl (4 [yl 4[>
< Clyl (U4 [yl ) (T+ |27 (4.7)

We shall now find some upper bound for |u(z) —v(2)| in (4.6). Since u,v € Cyy
then u(z)(1 + |2|P) < M and v(z)(1 + |2|P) < M, Vz € R. The obvious upper

bound |u(z) —v(2)|(14]2|P) < 2M permits to obtain /|u(z) — v(z)| < %

Consequently, for all z of R, |u(z) — v(2)] < /||t — v]|ooy /% where || - |00

denotes the uniform norm. Using this inequality, (4.7) and (4.6) in order to
estimate Af, we get

xT B o0 2M B
Mo < V=l [ bl (el dy [ s s e
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Since p > 4q the integral with respect to the variable z is finite and can be
considered like a constant term. By (4.5) and using the positivity of az?, we
obtain directly the existence of some positive constant C' > 0 such that

|AS(z |<C—\/||u—v||oox (1—|—|:1c|2q 1) (z),

According to (V-4), the expression 2 (1 + [z[29~1) =2V (®) can be bounded by
some constant independent of M. Therefore

1A loe < C(M, €)V/[[u = ]]oo- (4.8)

Two results can be deduced: firstly [|A€||o is finite and secondly ||A€|| becomes
small as ||u — v||~ decreases towards 0.
Step 2. For any x € R, we introduce:

Qu(z) = mexp {-% (/O(F + 0)(y)dy + V(:c))} . 9

Then the difference A“u(z) — A%(x) can be decomposed as follows:

Au(z) — Av(z) = )\iu) Af(z) + (ANe(v) = (1)) Qe (). (4.10)
Taking the uniform norm, we get
1A% — A%l < 5 1 )IIAélloo + [Ae(v) = Ac(u) |92 - (4.11)

By (4.4) and by (4.8), we deduce that

1 €
WHA lloo < C"(M, €)V/] |t = ]|

It is then sufficient to find a similar inequality for the term [Ac(v) — Ac(w)] ||| o
in order to conclude the proof.

/Ae(:zr)dzzr
R
<C—\/||u—v||oo/ 2 (1 4 oY) e 2V @ g,

According to (V-4), the integral with respect to the variable x is finite and does
not depend on M. We have immediately

[Ae(v) = Ac(w)] < C(M, €)/Ju = v][co-

It remains to estimate Qc(x). By (V-4) and (4.2), we have

Ac(v) = Ac(u)] =

/()I(F’*v)(y)dy—FV( ) > Cuat +(——02)
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for all z positive. Furthermore the symmetry property of V' and F' permits to
extend the bound to all z € R. The function exp [—2 ([ (F * v)(y)dy + V (2))]
is then bounded by a constant depending on €. Moreover we have already proved
(4.4) that is to say %(f) < C(e)V/M for all elements f of the function space Cpy.

This bound can therefore be applied to u and v. Finally we obtain the existence
of some constant C'(¢) > 0 such that, for all real value x, |Q(z)| < C(e)M
By (4.10), we have

[|A%U = Al]oe < C'(M, €)V/[[t = vl]oc + C(M, €)V/[[t = v]|oC

In other words,
1A = A||oe < C"(M, €)V/||u — v]|

which finishes the proof. O

We have now all the keys for proving the existence of some symmetric invari-
ant measure. Indeed we have just presented some continuous mapping which
stabilizes a convex subset of the Banach space B.

Theorem 4.5. There exists a symmetric invariant measure for (1.1).

Proof. Let My defined by Lemma 4.3. Taking M > M, let us prove that
A<(Cyy) is a compact set. For this reason we shall estimate the following deriva-
tive:

() (o) = -2 DL IO oy |2 (i + v ).

Let us analyze the different elements of this derivative. We have already seen
in the proof of Lemma 4.3 that for any u € Cjps the normalization factor A(u)
satisfies (4.4) that is to say %(u) < C(e)VM.

By (4.2), we obtain the bound: 0 < [ (F' *u) (y)dy < CoMa? (1 + 7).
Furthermore by (V-4) and (V-7), we get some estimation of V" and its derivative:

V(z) > Cya* — Coa® and |V'(2)| < Cq (1+ [2[*) forallz eR. (4.12)

It remains to find some upper bound for the convolution term: [(F’ xu) (z)]
with € R4. By (F-4) and since u is an even function,

/F'w—z 2)dz

/ lz+ 2| (L4 |z +2)272) + |z — 2| (L+ |z — 2|*7?) }u(z)dz

|(F" ) (2)] =

/OOO }F'(:v +2)+ F'(z — z)‘u(z)dz

Therefore:
Fr@l < [t {aprt el

Ha| (14 27972) + |2] (1 + |2[7972) }u(z)dz.
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By definition of Cj/, we have u(z) < # for p > 4q. Hence the moments of
order 1, 2¢ — 2 and 2g — 1 are bounded: there exist some constants C' and C”,

independent of the function v € Cys, such that
[(F'su) (z)] < C(1+ |z| + |z]?772 + |x|2q_1) <’ (1 + |x|2q+1) . (4.13)

To sum up: using (4.4), (4.12) and (4.13) we obtain
2 2

‘(Aeu)/ ()] < ZC(OVM( + [z ) exp |- = (Cyz? — Coa®)| .  (4.14)
€ €

Finally we deduce that there exists some constant C such that ‘(Aeu)l (:v)’ < C.
for all z € R.

Let us prove now that A¢Cj; is compact. To this end, we take some sequence
of functions (uy),, o in Cps and focus our attention to the sequence (Auy), oy
We know, by Lemma 4.3 that (1 + |z|") A°u,(x) < M for all z € R. So there
exist v and ¢ such that (1 + 27) Auy(,)(2) converges to v, uniformly on com-
pact sets. We extend the uniformity to the whole set of reals. Indeed, (4.14)
implies (1 + |z[P) [(A¢un,)’ ()] < CA4,€e_pI2 where Cyre and p are positive con-
stants. For any 6 > 0, set R > 0 such that Cy; . ;OO e dy < . Hence,
|A%Ug () (2) — AUy () (R)| < 6 for any & > R. This proves the convergence of
(14 2P) Auy(y,y towards v uniformly on R.

By Lemma 4.3 and Lemma 4.4 we can apply Schauder’s theorem (Proposition
4.1) for the operator A€ on the function space Cps with M > M. We deduce the
existence of some fixed point which is, by construction, a symmetric stationary
measure for the diffusion (1.1). O

4.2 Example: F(z) = Za* 4 222

We have just shown the existence of a symmetric invariant measure for general
self-stabilizing diffusions using fixed point arguments. Now let us study the
uniqueness for symmetric invariant measure in suitable situations by using the
previous result (Theorem 4.5) and a procedure close to that developed in Section
3.2. Let V' be a potential satisfying (V-1)-(V-7).

Let u. be a symmetric invariant measure (Theorem 4.5). We denote by ma(e)

its second moment. The couple (ms(€), u.) is solution to some system like (3.1)—
(3.2). Indeed

Fxuc(x) = /RF(x—z)uE(z)dz

3
= %x2 + gx‘l + ﬁmTQ(E):EQ + (%mg(e) + g/ﬂgz‘lue(z)dz) ,

with 5 > 0 since F’ is a convex function on R, .
The expression delimited by the brackets is just a constant so we obtain the
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following system of equations for ma(e) and u.: ma(e) = fR+ 2?v(ma(e), x)dx

and 2u.(z) = v(ma(e), z) where
exp [—% (V(:z:) + F(x) + ?»ﬁmez)}

Iy~ exp {—% (V(z) + F(2) + ?’ﬁTmz?)} dz

v(m,z) =

Therefore we introduce the function x.(m) = [~ 2?v(m, z)dz—m. By Theorem
4.5, we know that x. admits at least one zero on R;. Computing the derivative
of xe, we prove that the considered function is decreasing:

Xe(m) = —? {/OOO atv(m, z)de — (/Ooo :172V(m,x)dar>2} —-1<0.

The conclusion is immediate: there is a unique symmetric invariant measure.
Obviously this result and the kind of method used to prove it are particular to
our simple example. If the degree of the interaction function is larger than 4
then it isn’t enough to know the second moment in order to define the invariant
measure: we need more moments and the proof of the uniqueness becomes
awkward.

4.3 Outlying invariant measures

This section is essentially motivated by the uniqueness question for invariant
measures. The existence of some symmetric measure was just proved in Sec-
tion 4.1. It suffices now to point out asymmetric stationary measures for self-
stabilizing diffusions. In the general setting, the interaction function is polyno-

mial: set F(z) = Ezzl FER (0) 22k

2R)!
Let u be the density of some probability measure with respect to the Lebesgue
measure and g1, - - - , flo,—1 denote its moments of orders 1 to 2n—1 respectively.

We assume they are finite. Then the difference D(x) := F * u(x) — F * u(0)
satisfies
0
F( 9 (O) $2j—p
L, (27 —p)!

>
—~
8
~
I
=
S
|
S
~
I
=
|
S
~—
_|_
no
3
|
—_
I
—_
~—
hS]
—
=
hS]
I
S
iS]
~—
(]
+

p= j=1

N‘

p!
p=1
Hence D(z) = Z,,(z) — Z,(0) where
Zm(z) = F(z — a) + i (_pll)p (my, — a?)F P (z). (4.15)

Since the convolution product can be expressed as a polynomial function which
coeflicients just depend on the moments of u, then the exponential expres-
sion of invariant measure (2.2) can be specified. Indeed equation (2.2) can be
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transformed into some system of equations whose unknown factors are the mo-
ments of the measure. In order to introduce this system, let us define, for all
k € [1;2n — 1], the function

Jy#* exp [~2 (V () + Znls) - Zun(0))] do
fR exp [~2 (V@) + Zn(2) — Zn(0)] do
R exp[ 2VVm }

fexp[ 2W(z)] dx

with the potential W, (x) = V(z) + Z,,(z). We construct the mapping:

Sogcé) (m17 T 7m2n—1) =

(4.16)

I O RN T ) (4.17)

The measure associated to the density function u is invariant if and only if its
moments vector (ju1,--- , ian—1) 5 a fived point of the map ().

We are going to show the existence of an asymmetric invariant measure defined
by 2n — 1 parameters close to a,---,a?" ! respectively, in other words the
outlying measure is close to the Dirac mass in the point a. More precisely, we
shall prove that there exists a parallelepiped stable by ®(¢), which converges
to the point (a, a?, ,a?""1) as e tends to 0. As in the linear case, we shall
proceed by applying the mean value theorem in order to obtain asymptotic
developments in the small noise limit.

Theorem 4.6. Let (1) some sequence satisfying lin% ne =0 and liII(l) e/ne = 0.
€E— €E—

Under the condition

2n—2
F(p+2)
w a’ <a+V"(a), (4.18)

!
p=0 P

for any p > 0, there are at least two outlying measures ul and u_ satisfying,

for € small enough

/ afu(z)dr — (£a)*| < p .. (4.19)
R

Proof. Let A > 0. Let us define the parallelepiped

2n—1

= H [aP — pa?~t\ne, a? —l—pap*l/\né].

Let m be an element of C(e) then there exist some coordinates (7p)i<p<on—1
which determine m through the equations m, = a?+rp n.. By (4.15) and (4.16),
we get

Jp aFem 2VE@HFE-0) gxp {_ = %F(m (:v)}dx

(e)
o (m) = n—1 (=1)Pr '
Jpe —2(V(@)+F(z=a)) oxp {_ 2% 22 1 (;#F(p) (;1;):|de

p=1
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We apply Lemma A.4 and Remark A.5 to the functions U(z) = V(2)+ F(z—a),
flx) =a*, pp =1p and Gp(z) = %F(”) (z). We obtain:

kab—1 22 (—1)P
_ ok
pim) = = ne SR 2

r
2FH) () + o(ne),
p=1
uniformly with respect to the coordinates (rp),. By definition of the paral-

lelepiped C/(€) the coordinates satisfy |r,| < pa?~'A. Therefore, under condition
(4.18),

kab—1 Al ‘F(Hl)(a)’

a+ V" (a) = p!

oy (m) —d"| < ner pa”~" + o(ne)

< neka® I\ +o(ne).

Since this estimate is uniform with respect to the coordinates, as soon as € is
small enough, we have |<p,(:)(m) — a®| < ka1 An., that means that ®()(m) €
C(e).

Let us note that C(e) is a convex, closed and bounded subset of R*"~!. Since
the space dimension is finite, the continuity of ®(¢) implies that the closure of
the parallelepiped’s image is a compact set.

We can apply Schauder’s Theorem (Proposition 4.1) and obtain that there exists
some fixed point in the compact. In other words there exists m € C(¢) such
that the measure associated to the density

() = exp [—%Wm(ac)]
e,m( ) f (4.20)

o exp [—2 Wi (2)] dz

is invariant. In a similar way, the measure defined by m ™ is also invariant; here
m~(k) = (—=1)*my,. To conclude: we have at least two outlying measures, one
around a and the second one around —a. O

We can not prove at this stage the uniqueness of the couple of outlying in-
variant measures (this question shall be explored in a subsequent work). We can
effectively imagine that other outlying measures could exist around a, around —a
or even around other areas. Nevertheless we can develop a sharper description
of one particular outlying measure: the measure close to d, where § represents
the Dirac measure. To do this it suffices to estimate its different moments, that
requires the following preliminary result.

Lemma 4.7. There exists a unique solution (19,---,79, 1) to the following

Cramer’s system

2n—1
(—=1)? a+V"(a) V&) (a) k-1
Fo+D) Vi) _ - 1.21
; p' (a)Tp + k;a/k71 Tk} 4(@ + V”(a,)) 4a Y ( )
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for 1 < k <2n—1. This solution is given by

V) — (k- DV (@)
k 4aV"(a) (a + V" (a))

1<k<2n—1. (4.22)

Proof. Let us denote by I5,_1 the unit matrix of dimension 2n — 1 and for
A € R*™ ' AT represents the transpose of the vector A. Moreover we adopt
the following notation (zj)i<k<on—1 = (z1,...,%2n—1). The system (4.21) can
be written in this way: we define 7 = (74){«) <y, then

V@) (a) E—1\\T
" T _ k—1 —
(a+V"(a))Izn—1 + C1Cs }T = (ka (4a +4V"(a)) 4a ))1§k§2n—1

with the vectors O = (ka*~1)1<p<2,—1 and CF = (%F(’”l)(a))

1<k<2n—1
We define therefore

A= (a+V"(a)Izn1 +C1CF. (4.23)

Let us note that C;Cy C1CF = (CF C1)C1CF and

T — (-1 (p+1) -1 (1P (7+2) i
e o= > TFP (a)pa”t ==Y TFP (a)a? = —F"(0).
p=1 p=0

Since F”(0) = «, we obtain
A? = (a+V"(a))’In-1 + (2(a + V"(a)) + C3 C1) C1Cy
= (a+V"(a)*Lan-1 + (2(a+ V" (a)) = F"(0))C1C5
2
= (a4 V"(a))*I + (a+2V"(a))C1Cy
( )) 2n—1 ) 142
= (a+2V"(a))A = V"(a) (a + V" (a)) I2n-1,

We deduce that A is invertible, that is (4.21) is a Cramer’s system, and using
(4.23) we get explicitly the inverse:

oo- 1 @ "(a _
T Ve av@) (( +2V7(a) on— A)
_ 1 » .
~ V@) (a+ V7(a)) (V"(a)lan—1 — C1CY) .
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Therefore the Cramer’s system (4.21) admits a unique solution given by

= : a1 @V (@) = (k= D@+ V" (@)
b V'(a )(Oé-l-V”(a)) {V (a)k 4a (o + V" (a))
. 2n— 1 p 1 pilaV(3) (a) _ (p _ 1)(0[ + VN(CL))
— ka*~ pzl +1) (a)pa V@)
— kakfl 3 , __277,71£:_12ﬁgﬁ:i i)
4V (a)(a + V" (a))? {WW n g P <a>]

2n—1
_1)
— (a+V"(a) | (k= 1)V"(a) — Z ﬁF(”“)(a)aP—l] }
=2 P '
@V ) (k- DV (a)
4aV"(a)(a + V" (a))
Indeed, we use the two equalities ZQ" ! ((p:li;F(pH)(a)ap’l =-F"0) = —a
and Z% 1 ( j)P F@etD) (q)aP~! = aF®)(0) = 0. O

Theorem 4.6 points out the existence of two outlying measures, one con-
centrated around a and an other around —a. According to Lemma 4.7 we get
some parallelepiped with sharper edge wich contains J, and some asymmetric
invariant measure.

Theorem 4.8. Under the condition (4.18), for any 6 > 0, there exists ey such
that ®©) admits two fized points m* with

[miF () = (1) a* = (1) rfe)

<de, 1<k<2n—-1, e<e. (4.24)

Proof. Tt is similar to the proof of Theorem 4.6.

Let p > 0 and C(e) = Hii;l[ap — (15 4+ paP~'p)e,aP — (1) — paP~'p)e]. We
choose an element m in the parallelepiped C(e). For all 1 < p < 2n — 1, there
exists a coordinate p, € [—p; p] such that m, = a* — (1) +pa?~'p,)e. By (4.15)
and (4.16), we obtain

f ¥ exp [222" 1= 1) (7- + paP~! )F(p)(x)} e~ 2(V(@)+F(z—a)) dp

(e) p!
oi(m) = 20—1 (17 2
Jrexp [252T CRE (72 4 par1p,) FO) (@)] e 2070+ a) gy

We apply Lemma A.3 and Remark A.5 with the following functions: U(z) =
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V(z)+ F(x—a), pp =75 +paP~'p,, G =0and f,(z) = 2%F(p)(x). Hence

ak—2
A (m) = a* ﬁ [V (@)~ (o + V(@) ((h - 1)
+4a nZ G +pap-1pp>F<p+1><a>)}e+o<e>
1 kak’lv(g)(a 12n ' Ty prl
:ak_oz—l—V”(a) [4(0[—1-‘/” (a)) a*” Z F(+)( )
~ 1)gk2 b o, g1

This estimate is uniform with respect to the variables (pp)p-
We denote by d5, the difference |gp§:) (m)—a®+72€|. We compute this expression:

€

kab 1V ®) kb=l S (—1)P
< (a) 3 (=1)

Aa+V"(@)?  a+V'(a)

TP (g)

E(k —1)ak—2 2 B G 2
( )a 0 a (-1) 'ppF(:DJrl)(a)a;Dfl €+ o(e).

T XTI T @ v 2 o

According to the Lemma 4.7 and using the condition (4.18), we obtain, for e
small enough,

2n—1

A00m) — ot e < TS [ @)+ of
k ~a+V"(a) = (p— 11"

_ n—2
kaF—t <1

m Z 17|F(p+2)(a)|ape+o(e) < kakflpe
p=0 *

<p
In other words, ®€(m) € C(e) in the small noise limit. The application of
Schauder’s theorem (Proposition 4.1) permits to prove the existence of some

L ) s

fixed point in the compact after choosing p < S T Therefore
there exists m € C(e) such that the associated measure uc ., (z) defined by
(4.20) is invariant. In the same way, the measure defined by m™ is invariant
with m~ (k) = (—=1)"my. Finally the continuous map ®(¢ admits two fixed
points m* (¢) satisfying (4.24). O

Remark 4.9. 1. In the particular case: F®)(a) > 0 for all p € N, the condition
for the existence of outlying measures i.e. (4.18) becomes V' (a) > F{/(2a) where
Fy is defined by F(x) = a* + Fy(x).

2. In the linear interaction case: F(x) = S$a?, (4.18) is equivalent to the simple
condition V" (a) > 0 which is in fact always satisfied according to (V-3). In
other words we obtain the existence result presented in the linear interaction
case.
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A Annex

We shall present here some useful asymptotic results which are close to the
classical Laplace’s method. The first lemma is quite classical (see, for instance
[1], Corollary 6.4.2., p.108).

Lemma A.1. Let M > 0. Let us assume that U is C?([M, co[)-continuous,
Uz) # 0 and U"(x) > 0 for all x € [M,00[ and limw_,oo(g,(% =0. If

x — e V@) s integrable on R then for any x > M:
+00 —U(x) T U(x)
/ e U0t~ & and / VOt~ & as v — 00. (A1)
2 U'(x) M U'(x)

Lemma A.2. Set ¢ > 0. Let U and G two C*(R)-continuous functions. We
define U, = U + uG for p belonging to some compact interval Z of R. Let us
introduce some interval [a, b] satisfying: U, (a) # 0, U, (b) # 0 and U, (x) admits
some unique global minimum on the interval [a,b] reached at x, €la,b[ for all
w € L. We assume that there exists some exponent ko independent of u € T

such that 2ko = min, ey~ {UﬁT)(x#) #* O}. Then taking the limit € — 0 we get

1
b v 1 [ ko) \T° [ 1 Ui a)
Ipi= [ e ar=— | 22800 ) p(—) e (14 0r(1), (A2
o=/ - (Uﬁko(m (5 )« 0+ oz, (a2

where T represents the Euler function and oz(1) converges towards 0 uniformly
with respect to p € T.

Proof. Since U, is regular and admits some unique global minimum for z = z,,,
there exists 0 < 79 < min,ez min{x, —a;b—z,} such that the minimum on
the interval [a; z,, — 7] [z, + 7; b] denoted by U, (7) is reached on the boundary
{z, — 732, + 7} for all 7 < 79. Consequently

[ o[- 20 s [ o[-0 - s [ 2]

uwtT €

Defining I, = [ T exp [—U“—(t)} dt, we obtain the following bound:

U
[Iop — I;| < (b—a)exp {—L(T)] .
€

(A.3)

(2k0)
Let us first estimate I.. We define n, = U“(%D()T”) Let us note that 1, depends

continuously on p. By the mean value theorem, there exists some constant
C > 0 independent of u € 7 such that, in a neighborhood of z,,, the following
bound is satisfied: |U,(t) — Uy (zy) — nu(t — z,)?*0 | < C|t — 2,[* 1. Hence

CTQk()Jrl CTQk()Jrl

] < %T exp@ < Jrexp [f]v (A4)

Jrexp [—
€

n
2ko 1

1
T 1 2k 1 <1
where J; :/ exp [——n#t%o} dt = (i) R t2’i0 1e—tdt7
0 € um 2ko Jo
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L

1
by the change of variable ¢ := (ni) o (t')7%o . A simple integration leads to
i

1 1 r2ko 1 1
ko 2k M e 11 _
—r1=2ko ("—“) O e < / t7 teTtdt —T (=) <0. (A.5)
€ 0 2kO
In order to conclude we set 7 = exp [;Zf%] Then we get: for C € R, [ > 0,
2
1-2k _
. F2ko+1 . g2k T 0 . .y Uplep)-U,(7)
lime® < =1, lime ™ e ——— =lime le =0
e—0 e—0 Em_l e—0

These convergences are uniform with respect to p. Applying these asymptotic
results to (A.3)—(A.5) permits to prove the statement of the lemma. O

Lemma A.3. Let U and G be two C*(R)-continuous functions. We define
U, = U+ pG for the parameter (v belonging to some compact interval I of R.
We assume that U,(t) > t* for |t| larger than some R independent of u and
that U, admits a unique global minimum at x,, with U)/(x,) > 0. Let fy be
a C3-continuous function depending on some parameter m which belongs to a
compact set M. Furthermore we assume that there exists some constant A > 0
such that | fm(t)] < expMUL(t)]] for all t > R, p € I, m € M and |f3)] is
locally bounded uniformly with respect to the parameter m € M for 0 < ¢ < 3.
Let a,b € R such that a < x, < b. Then the following asymptotic result holds
as € tends to 0:

b —2Up(t) TE  _2Up(zp)

[ e = | 78 5 ) s e+ (@), (40)
. _ 5U3 Uy / Us (@)

with  yo(p) = fm(24) (M - m) - fm(%)4 2 7 U (A7)

Here Uy, = U,Sk) (xz,) and 0(11/’3[) (€)/€ converges to 0 as € becomes small uniformly
with respect to the parameters m and . Moreover, for any n > 1, we have

—2U,(¢)

~
~

JptrefmWe a nap > Us
© Ty Ty Uy

- —n+1=2z,f (z,)|e (A8
J efn®e=2 gy AUy phm(Ta)| € (A8)

where the estimate is uniform with respect to the parameters m and p as € — 0.

Proof. First, we consider [a,b] compact and split the integral in (A.6) into two
parts:

Tutp —2U, (1) —2U, (t)
I= / fm(t)e € dt +/ fm(t)e € dt =11 + I
z [z —pszu+p]e Na;d]

n—P

with some arbitrary p > 0 which should be specified in the following. Since the
hypotheses, there exists 7 > 0 such that |f,(,§) (x)] <nforallme M, z € [a,b)
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and 0 < i < 3. And, z, is the unique global minimum on ]a; b.

Step 1. We shall prove that the second integral is negligible as % — oo that
(@)
means that I = ozp{e?/%e™ e +. We get

I, < (b—a) sup |fm(z)|exp [—2 (A.9)

infe e, —piatole Un(2) ]
z€[a,b]

€

Since the global minimum of U, is unique and due to the regularity of U, with
respect to the parameter p, we deduce that the minimum of the function on the
interval [z, — p;x, + p]®([a;b] is reached on the boundary provided that p is
small enough. The development U, (z, % p) = Up(x,) + $U)/(x,)p* + oz(p?)

2U (z,,)
implies, as already claimed that I» = oz {63/26_ <1 as p* /e — oo.

Step 2. Let us focus our attention to the integral on [z, — p;z, + p]. The
function f,,, can be developed in the neighborhood of z,:

) = F )+ S ) =)+ 3 ) =2+ 2 16D () =)

with the value wy, ,(z) between x,, and x. Taking into account these different
terms, the integral I; can be split into 4 different integrals respectively Io,...I5.
For each integral we shall analyze the asymptotic behavior.

Step 2.1. Asymptotic behavior of I5. By definition Winpu(t) € (20 — pyxp + p)
when ¢ € [z, — p;x, + p]. Moreover, by assumption |f7(7§’) (Wi, (t))] is upper
bounded by some constant 1 > 0 independent of m and p. By Lemma A.2
applied to 2U,, , for p < 1 and € small, we obtain the existence of some constant
C > 0, independent of the parameters m and u, such that

€ _QUM(zM)
€

(zp+1)Ab
~ 77 3 _QUM(t) 3
I3§—p/ e” " dt <Cymp
| | 6 (zp—1)Va U;L/(I#)

Hence, if p> = o(¢) then the following asymptotic result holds
I3 = o7\ {6367 e } . (A.10)

Step 2.2. Asymptotic behavior of Ir. Using the C3-regularity of U, that is
U(t) = Up(@) + 30 (2, (t—2,)? + 305 (9, () (¢ — 2,,)? with y,,(t) belonging
to [z, — pyx, + pl, we get

" Ty+p U (z (3)

- z,) _2Uu(en) iz CUlew s U e

I2 — WQ < / (t _ 117#)26 < (t :E“) 3e (t Iu) dt
x

n—P

Since y,,(t) belongs to some compact set, the third derivative UELB) (yu(t)) is
bounded by some constant independent of p. Applying the following change of
variable u = (t — x,)*U)/(x,,) /¢ yields

Joe—CE ( 6 )g 2 e 7,60 e \*
2e T < < Jae 6( ) )
Uﬂ(x,u) () Uﬂ(x,u)
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Witthsz (o) Ve “du. pr —0and £ — oo then

i - ﬁwe—%—f” (U;[(E:r#)) (14 0z (1)), (A1)

Step 2.3. Asymptotic behavior of I,. We expand the function U, in the neigh-
borhood of &,,: Uy, (t+,,) = U, (0)+ 21U/ ()2 + 31U (x )t3+24Uﬁ )y, (1))t
where y,(t) € [z, — p,z, + p]. The regularity of U, (z) with respect to both
2 and p implies the existence of some constant C' > 0 independent of p which
bounds the fourth derivative of U,, on the integral support. Therefore we have

2Up () ~ ﬁ
€

4
f?ln(x#)e_cpT'] <e < I < fr(@pe ¢ Jp
with J, = ffp e~ ¢ 522" 4y and Uy, = k)(:vu). Since [e™® — 1+ x — %2| <
z|3el”l, we deduce that, for any z € [—p; pl:
p; pl:
e Usz3 _Z/{gzﬁ - Us Bp_ge\ug\eﬁ
3¢ 182 | — | 3| €

We define m,(I) = ffp e~ dz and ny(l) = [ l2le="2%"dz. Some estima-
tion of the integral J, points out directly:

=m0+ B @y = Y | <o
P P 3 " 18¢2° 7 - 3

Symmetry arguments permit easily to deduce that m,(1) = m,(7) = 0. Finally
it suffices to compute m,(4) and n,(1). To this end we introduce the change of
variable u := Z”2 2% and let p?/e tend to infinity:

Mlm

m,(4) = ¥ (m) 2(1+o07(1)) and n,(1) = mu +oz(1)).

To sum up: if p; — 0 (that is ’e’—z = o{e?}) then

o

(3) X 3 2Uu Tp
VRSt “)<U:(1xu>) AT M ror(1). (A12)

Step 2.4. Asymptotic behavior of Iy. Let us first study the following integral

3 4
—p

3€ 12¢
We recall the notations Uy, = U L(Lk) (x,,). The arguments are similar to those used
in Step 2.3. Since ‘e_“

el for any z € [—p; p] we get

2
et Uy Uy 1 (U U
36 12¢

9
p
<C—.
3e 12¢ 2 - e

33



Adopting the same notations as in Step 2.3 and using symmetry properties, the
following bound (uniform with respect to the parameter p) yields

Ty =m0y (0) + 1) — L (Z;f) my(6) — (%)Qmp@)

By the usual change of variable u := M,ﬁ we emphasize some asymptotic

0
< Ce_gmp(o)-

. . 9
estimation of 1§ as p?/e — oo, p® /e — 0 and & — 0:

(4) (3)
U (xn) UL (2,)?
I = _me 1— _H B et n \Tp €+01'()
0 Ug(xﬂ){ 16U/ (x,)?  48U/!(w,,)?

We apply the mean value theorem to the function U,,:

Us 2 Us .3 U, A L 5 5
= e t
Ul +2) = Un(a) + 22 + 220 Dbt 004, (1))2°,
with y,(t) € [z, — p,z, + p] and |z| < p. From this equality we deduce an
estimation of the distance D = ew — fm(zu)Ij. Then there exists some

constant C' > 0 independent of y and m such that

D] < |fon(a) / SR S

< —|fm(I#_)|C 5/ 67“&_2227%Z3 ?245Z4+p06
- 60€ 0

1—e GOeU()(UM(Z+$u)Z dz

u® (yu(z+x“))z5|dz.

If both conditions p?/e — oo and p3/e — 0 are satisfied then the integral term
in the preceding inequality is obviously equivalent to U,,(z 3 The following

equivalence holds for the initial integral Ip: under the assumption that O—Z =

o (e%), we get |D| = oz m (e%) and consequently

- 2wy [T 5 U2
A 172{1 15’22 +481’Z{36+OIM( )} (A.13)
Step 3. To sum up: in Step 1, we proved that it suffices to estimate the
integral I; which can be split into 4 terms. Each of them has been estimated
in equations (A.10), (A.11), (A.12) and (A.13). The whole integral has the
asymptotic equivalence (A.6) as soon as p?/e — 0, p'¥/e" — 0, 5—2 — 0 and
p°/€2 — 0. The particular choice p = 20 fulfills all these conditions.

Step 4. Now, we will prove (A.6) for a = —o0 and b = 4oc0. Let R >
max,e7 |z,| such that U,(t) > ¢* for all ¢ > R and for all u € Z. The integral
on R can be split into two integrals:

R —2U, (1) —2U“( )
:/ Im(t)e G*dt+/ fm(t)e dt = L1 + Lo.
-R [-R;R]°
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For L, it suffices to apply (A.6) with @ := —R and b := R in order to get the

asymptotic development. It remains then to prove that Lo is negligible with
3 2Uu(zp)

respect to L1 that is Ly = oz {efe c } Using the change of variable

ti=(2- )\)_% s the following bound holds:

+oo ) € +oo
|La| < 2/ exp [tQ <)\ — —>} dt <2,/ / exp [—52} ds.
R € 2—Xe Jr =g

Lemma A.1 permits to prove as claimed that Ly can be neglected.

Step 5. We just apply two times (A.6): the first time to the denominator D¢
that is for the function ¢t — e/™(®) and the second time to the numerator N¢ for
the function ¢ — t"ef(*) . The following asymptotic result holds

DE — o 2Uu—€(wu) ,geﬂ”(w”){l + Ag€ + 070 (6)} (A_14)
2

BUF  Us
A8US  16U2

1
AUy’

- frln(xu)4u—7/?;22 + (f’r/T/L(I#) + frln(xu)z)

The numerator normalized by zj; i.e. N° / x,, satisfies some similar identity as
A . -1
D¢, namely (A.14) with 44 replaced by 44— 42‘2:’&22 (n(zi ) 4+ 2%]“,'” (xu)) ﬁ.

The estimation of the ratio is then a classical exercise of asymptotic analysis. [

where 44 = (

We will now generalize to functions G' depending on the small parameter e.

Lemma A.4. Let U and G be two C*°(R)-continuous functions such that U(t) >
t2 for |t| large enough and |G(t)| < NU(t)| + C for some constants X > 0
and C > 0. Moreover we assume that U admits some unique global minimum
reached at xo with U"(x¢) > 0. For any sequence (ne)e satisfying lime_on. =0
and lim._,g €/n. = 0 we define Ue,, = U + nepG depending on the parameter
which belongs to some compact interval T of R. Let f a C3-continuous function
such that |f(t)| < eNVOL for all |t| large enough and such that |f7(,§)| is locally
bounded uniformly with respect to m € M for 0 < i < 3. Then, there exists
€o > 0 such that the potential U, , admits a unique global minimum reached at
Te,u for all € < eg. Furthermore the following asymptotic results hold

_2Ue,n(®) [ e _2We,u(ze,p)
/Rf(t)e 3 dt = m@ e (f(xo) + Yule + 01(”6))7 (A15)

G’ (o)

where ., = 19 — umm + oz(ne), (A.16)
B ) ' " U (20) G (w0)
T = m ( = 2f"(20)G"(z0) — f(20)G" (20) + f(xo)W)

and oz (ne)/ne tends to 0 as € — 0 uniformly with respect to the parameter p.
Moreover, as € — 0, we have the following estimate
_ 2Ueu(®

Jo f)e”— < adt ~ f(@0)G (20)
[ e

Ne + 0z(7e) (A.17)
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where oz (ne)/ne tends to 0 as e — 0 uniformly with respect to the parameter p.

Proof. Let us first prove that the potential U ,(x) admits a unique minimum
for ¢+ = ., with lim._.ozc, = zo. By the definitions of (7). and U, ,, the
following convergence holds

lir% Ue,u(xo) = U(xo). (A.18)

Since xg is the unique global minimum of U, for any small R > 0 there exists
pr > 0 such that inf, ¢y _Rrzo4r)c U(z) > U(z0)+pr. We deduce the existence
of two small constants p, and €y such that

Uep(x) > (1= pne)U(z) = nepC > Ulxo) + pg, (A.19)

for all e < ey and x € [zg— R, x0+ R]°. By (A.18) and (A.19) we obtain: for any
R > 0 the global minimum of the parametrized potential U, , is reached in the
interval [xg — R, zg + R] provided that e is small enough (uniformly with respect
to p). Moreover this global mimimum is unique. Indeed U”(xy) > 0 and the
regularity of U implies that U”(xz) > 0 for all z in some small neighborhood
of z9. Since U/, converges towards U” as ¢ — 0 uniformly on each compact
subset of R, we obtaln that U/, > 0 on [zg — R, z¢ + R] provided that R and ¢
are small enough. The minimum is actually unique, we denote its localization
., and point out that, for € small, U/ (2, ) > 0 uniformly with respect to p.
Let us determine . ,. By applying the mean value theorem to U ,, we get

0=U{ ,(we ) = U'(w0) + pneG (o) + UL, (2) (e o — o),

where 7 is in between zy and x. ,. Since the second derivative is continuous,
U/ (%) is uniformly bounded. Moreover U’(zg) = 0. Consequently x , — o =
Oz(ne). Using the same argument for the second order asymptotic development
of U{ ,(Te 1), that is

0 = U'(@o)+ G (wo) + (U (o) 4 1 G (w0) ) (wesu —0) + Teu—0)?,

G

5
we obtain the announced estimate (A.16). Finally let us prove the estimate
(A.15). The statement of Lemma A.3 can be applied to U, , since the asymptotic
result (A.6) is uniform with respect to the parameter p. So it suffices to consider
the case when p is replaced by un.. We immediately obtain

_Ue u(f) e _M
/ " mﬂx”‘)e (1+0z(n)).  (A20)

It remains to approximate f(z.,) and U/, (zc,) using (A.16). Due to the
regularity of both f and U, the following developments hold

f@eu) = flwo) = pmef' (o) g,'ﬁ?) oz (1

UL (e) = U" (o) + pue (G (o) — U (o)

e)s
G'(z0)
U7 (zo )) +oz(ne).
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The statement of Lemma A.4 is obtained just by combination of the two pre-
ceding asymptotics and (A.20). Then, we apply (A.15) to the numerator and
to the denominator. After dividing, we find (A.17). O

Remark A.5. The statements of Lemmas A.2-A.J can be easely generalized,
replacing the parametrized function U, = U +pG by U, = U—i—Zf:l wiG;i where
w= (1, k) € I3 X ... X Iy.. The convergence results are then uniform with
respect to all parameters.
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